EE363 Prof. S. Boyd

EE363 homework 1 solutions

1. LQR for a triple accumulator. We consider the system x;,1 = Ax; + Buy, yi = Cxy,

with
100 1
A=|1 10|, B=|0|, C=[00 1]
01 1 0

This system has transfer function H(z) = (z —1)73, and is called a triple accumulator,
since it consists of a cascade of three accumulators. (An accumulator is the discrete-
time analog of an integrator: its output is the running sum of its input.) We’ll use the
LQR cost function

-1 N
J=ui+> vt
t=0 t=0

with N = 50.

(a) Find P, (numerically), and verify that the Riccati recursion converges to a steady-
state value in fewer than about 10 steps. Find the optimal time-varying state
feedback gain K}, and plot its components (K})11, (K})12, and (K})13, versus t.

(b) Find the initial condition zy, with norm not exceeding one, that maximizes the
optimal value of J. Plot the optimal u and resulting = for this initial condition.

Solution:

(a) The following Matlab script solves both parts, i.e., implements the Riccati recur-
sion, and finds the worst case initial condition.

% LQR for a triple accumulator

% data

A=[100;110; 01 1];
B=1[100]";
C=1[001]1;

Q = C’*xC; R = 1;
m=1; n=3; N=50;

% Riccati recursion
P = zeros(n,n,N+1);
P(:,:,N+1) = Q;

K = zeros(m,n,N);
%Nrm = zeros(N,1);
for i = N:-1:1



P(:,:,1) = Q+A’*P(:,:,i+1)*A-. ..
A*P(:,:,i+1)*B*pinv(R+B’*P(:,:,i+1)*B)*B’*P(:,:,i+1)*A;
K(:,:,1) = -pinv(R+B’*P(:,:,i+1)*B)*B’*P(:,:,i+1)*A;
%  Nrm(N+1-i) = norm(P(:,:,i+1)-P(:,:,1i))/norm(P(:,:,i+1));
end

% worst initial condition (max_x(0) min_u J)
[V,D] = eig(P(:,:,1));
x0 = -V(:,1);

% optimal u and resulting x
x = zeros(3,N); x(:,1) = x0;
u = zeros(1,N); u(1l) = K(:,:,D)*x(:,1);
for t = 1:N-1
x(:,t+1) = Axx(:,t) + Bxu(t);
u(t+1) = K(C:,:,t+1)*x(:,8+1)
end

% plots

figure(1);

t = 0:49; K = shiftdim(X);

subplot(3,1,1); plot(t,K(1,:)); ylabel(’K1i(t)’);
subplot(3,1,2); plot(t,K(2,:)); ylabel(’K2(t)’);
subplot(3,1,3); plot(t,K(3,:)); ylabel(’K3(t)’); xlabel(’t’);
Jprint -depsc tripleaccKt

figure(2);

subplot(4,1,1); plot(t,x(1,:)); ylabel(’x1(t)’);
subplot(4,1,2); plot(t,x(2,:)); ylabel(’x2(t)’);
subplot(4,1,3); plot(t,x(3,:)); ylabel(’x3(t)’);
subplot(4,1,4); plot(t,u); ylabel(’u(t)’); xlabel(’t’);
Jprint -depsc tripleaccXU

hfigure(3);
%hsemilogy (Nrm); title(’Riccati convergence’);

After about 9 iterations we see that the matrix P,,; — P, has elements on the
order of 1073, compared to typical P, values of around 5.

The plot below shows the three elements of K; versus ¢.
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(b) The optimal cost, when started in state g, is zl Pyzy. To maximize this we
choose xy as an eigenvector of P associated with its maximum eigenvalue. The
eigenvector associated with the maximum eigenvalue is

0.5428
2 = | 0.7633
0.3504

The optimal trajectories of the three elements of z; and the optimal input u}fqr are
shown below.
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2. Linear quadratic state tracking. We consider the system x;,; = Ax; + Buy. In the
conventional LQR problem the goal is to make both the state and the input small.
In this problem we study a generalization in which we want the state to follow a
desired (possibly nonzero) trajectory as closely as possible. To do this we penalize the
deviations of the state from the desired trajectory, i.e., r; — x{, using the following

cost function:
N-1

J = Z — 2" Q(x, — 22) + > u! Ru,,

7=0

where we assume Q = QT > 0 and R = RT > 0. (The desired trajectory z¢ is given.)
Compared with the standard LQR objective, we have an extra linear term (in z) and
a constant term.

In this problem you will use dynamic programming to show that the cost-to-go function
Vi(z) for this problem has the form
ZTPtZ + 2(]ng + 7y,

with P, = P > 0. (i.e., it has quadratic, linear, and constant terms.)

(a) Show that Vi (z) has the given form.

(b) Assuming V;;;(2) has the given form, show that the optimal input at time ¢ can
be written as
u; = Ky + g,



where
Ki=—(R+ BTPtHB)_lBTPtHA, g =—(R+ BTPt+1B)_lBTQt+1-

In other words, u} is an affine (linear plus constant) function of the state ;.

(c¢) Use backward induction to show that Vy(2),...,Vn(z) all have the given form.
Verify that

P, = Q+A"PyA— ATP B(R+ B" P B)'BT P4 A,
¢ = (A+ BKt)TQt—I—l - Qxf7
Ty = Tt foazf + qalBQta

fort=0,...,N —1.

Solution:

(a) We can write

Vn(2) = (z —29)7Q(z — 2%) = 27 Q2 — 20%.Qz + 2%5Qx% = 2" Pyz +2q5 2+,
where Py = Q, qv = —QT2%, and ry = 24,Qz%,.

(b) Assuming V;,1(2) has the given form, the Bellman equation can be written as

Vi(z) = min{(z - tH7'Q(z — 2%) + w' Rw + Vi1 (Az + Bw)}
= (z—a2D)TQ(z — 2% + H}Uin{wTRw

+(Az + Bw)" P1(Az + Bw) + 2qf+1(Az + Bw) + 1441}

To find the w that minimizes the above expression, we set its derivative with
respect to w equal to zero. This gives

2Rw + 2B P, (Az + Bw) + 2BTq,., = 0,
and so
* ok T -1 T T _
u; =w*=—(R+ B P1B) (B g1+ B " PAz) = Kiz + gy,

where Kt = —(R + BTPt+1B)_1BTPt+1A, and gt = —(R + BTPt+1B>_1Bth+1.

(c) We can write V;(z) as

Vi(z) = ZT(Q + ATB+1A)Z + 2(Ath+1 — xf)Tz + xf@xf + T
+min{w’ (R + B" Py B)w + 2(B" Piy1 Az + B g11) w}.



Substituting w* into the above expression gives

Vi(z) = 27(Q+ATP 1Az +2(A gy — 2T 2 + 29Qud + ryyy
‘l‘(BTQtH + BTPt+1AZ)T(R + BTPt+1B)_1(BTQt+1 + BTPtHAZ)
—2(Bth+1 + BTPt+1AZ)T(R + BTPt+lB)_1(Bth+1 + BTPH_lAZ)
= T (Q+AP Az +2(A gy — D) 2+ 28Qad + iy
—(B"qu41 + B" Py Az)" (R + B"P1B) (B qp41 + BT Py Az).
After rearranging and collecting terms we get
Vi(z) = 2Z7(Q+A"P L, A—A"P\B(R+ B"P,, B)"'BTP,,A)z
‘|‘2(AT%+1 - ATPt+1B(R + BTPtHB)_lBTQtH - xf)TZ
+Tt+1 + LU?Q.Z’? — qtjji_lB(R + BTPH_lB)_lBTqH_l
= 2TPz+ 2qu + 74,
where
P, = Q+A"PyA—A"P 1 B(R+ B"P1B) "' BT P A,
4 = ATC]t+1 - ATPtHB(R + BTPt+1B)_1BTC]t+1 - 55? = (A+ BK)TQH-l - 17?>
Tt = Tip1 + Jf?@l‘f — qgjl—lB(R + BTPH_lB)_lBTqH_l = Tt+1 + LU?Q.Z’? + qz:rlBgt
Thus we have shown that if V;,1(z) has the given form, then V;(z) also has the

given form. Since Viy(z) has this form (from part (a)), by induction, V(2), ..., Vx(2)
all have the given form.

3. The Schur complement. In this problem you will show that if we minimize a pos-
itive semidefinite quadratic form over some of its variables, the result is a positive
semidefinite quadratic form in the remaining variables. Specifically, let

T
u Qu Q2 U
J(u,z) =
(w.2) [Z] [sz Q22][Z]
be a positive semidefinite quadratic form in v and z. You may assume (J1; > 0 and
Q11, Qo2 are symmetric. Define V(z) = muin J(u,z). Show that V(z) = 2T Pz, where

P is symmetric positive semidefinite (find P explicitly).

The matrix P is called the Schur complement of the matrix ()1, in the big matrix
above. It comes up in many contexts.

Solution: We can write
J(u, z) = uTQuiu 4 20T Qraz + 21 Qoo 2.

To find the u that minimizes this expression, we set its derivative with respect to u

equal to zero. This gives
2@1111 + 2@122 =0

6



and so u* = —Q1;'Q122. Thus we get
V(Z) = ZTQ1T2 1_11Q122 + ZTQ22Z - 2ZTQ{2Q11Q12Z = ZT(Q22 - Q1T2Q1_11Q12)Z = ZTPZ,

where
P = Q — Q1T2Q1_11Q12-

Clearly, P is symmetric; it is also positive semidefinite, since

TPy = min J(u,2) >0, Vz.

4. A useful determinant identity. Suppose X € R™"™ and Y € R™*".

(a) Show that det(/ + XY) = det(/ + Y X). Hint: Find a block lower triangular

matrix L for which
I X | I I X
-Y I | 0o I |’

and use this factorization to evaluate the determinant of this matrix. Then find
a block upper triangular matrix U for which

EIRE

(b) Show that the nonzero eigenvalues of XY and Y X are exactly the same.

and repeat.

Solution:

(a) Multiplying on the right by two different matrices yields

w 4] caa([ 4, S ][2 ) —aarerx

:det<[I+OXY )I(H_IY ?D — det(I + XY).

(b) Recall that an eigenvalue A of a matrix A satisfies det(A — A) = 0. Let I, denote
an r X r identity matrix. If A is a nonzero eigenvalue of XY,

0 = det(A, — XY)
— det ()\In(In+(—

We know
det(A,) = A" = A" det(\ ),

7



and from part (a)

det (I, + Y(—%X)) — det(I, + (—%X)Y),

SO

1
0 = N'""det(\,)det(l, + (_X)YX)
= A"""det(A,, — YX).

Since A is nonzero, we have that det(A\l,,, —Y X) = 0. Hence A is also an eigenvalue
of YX. By similar argument, if A is a nonzero eigenvalue of Y X, we get that
0 = det(A\, — XY'), showing A is also an eigenvalue of XY. Thus, XY and Y X
have exactly the same nonzero eigenvalues.

5. When does a finite-horizon LQR problem have a time-invariant optimal state feedback
gain? Consider a discrete-time LQR problem with horizon t = N, with optimal input
u(t) = Kyx(t). Is there a choice of Q) (symmetric and positive semidefinite, of course)
for which Kj; is constant, i.e., Ko =---= Ky_1?

Solution: K is defined by K; = —(R+ BT P,;1B)"*BTP,,; A. Therefore, if P, = --- =
Py, we have Ky = --- = Kn_1. Since @y = Py, and for t far from N we have that P,
converges to the steady-state solution, we see that to have constant P;, we must have
Q¢ equal to the steady-state solution P,s. With this choice, we have P, = P, for all ¢,
and therefore K; = K, for all t.



