EE363 Winter 2008-09

Lecture 9
Approximate nonlinear filtering

e Nonlinear filtering
e Extended Kalman filter

e Monte Carlo based updates
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Nonlinear filtering

e nonlinear Markov model:

Tt41 = f(SUt, wt)7 Yt — g(xt, Ut)

— fis (possibly nonlinear) dynamics function

— g is (possibly nonlinear) measurement or output function
- wp, W1, ...,v,V1,... are independent, zero mean

— even if w, v Gaussian, x and y need not be

e nonlinear filtering problem: find, e.g.,

'C%t|t—1 — E($t|yoa e 7yt—1)7 Z%t|t = E(xt’y()a e 7yt)
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Nonlinear filtering

e general solution requires propagating (infinite dimensional) conditional
densities of (x¢|yo,--.,yt—1) or (x¢|yo,--.,y:); not practical except for
n=1or 2

e extended Kalman filter

— replaces f, g with affine approximations at current estimate
— uses KF formulas for measurement, time updates

e other methods (e.g., ‘particle filters') based on Monte Carlo methods
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Extended Kalman filter

e extended Kalman filter (EKF) is heuristic for nonlinear filtering problem

e often works well (when tuned properly), but sometimes not
e widely used in practice

e based on

— linearizing dynamics and output functions at current estimate
— propagating an approximation of the conditional expectation and
covariance
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Extended Kalman filter — time update

e linearize dynamics function at = = Iy,
Tip1 = f(@e, we) = f(241,0) + A(ze — Z4¢) + By

where

af
ow

of

A(?:I:

(xt|t70) B = (37t|t70)

e using Ew; = 0 and assuming E(x; — £;;) = 0 (we'd have equality if
T+ is the conditional mean),

Tiiq)e = f(jjt|t7 0), gyt N A2t|tAT + BY,,B"
e EKF uses these formulas for time update
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Extended Kalman filter — measurement update

e linearize output function at o = Zy;_;:
Yr = g(x¢,vp) g(i‘ﬂt—la 0) + C(xs — £t|t—1) + Duy

where 5 9
C = a—agj(Aﬂt—laO)a D = 8—i(At|t—170>

e using Ev; = 0 and assuming E(z; — Z4;—1) =~ 0 (we'd have equality if
Ty|¢—1 is the conditional mean),

N ~ —1 A

Tyt = Tyg—1 T Zt|t—ICT (Czﬂt—lCT + V) (Yt — 9(Z4)t—1,0))
1

2igle = 2ge—1 — Et|t—1CT (CEt|t_1CT - V) CXije—1
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Example

e p:, us € R? are position and velocity of vehicle, with (po, ug) ~ N(0,1)

e vehicle dynamics:

0.85 0.15

pt—l—l — pt —|_ O°]-ut7 ut—|—1 — [ _O 1 O 85

]ut‘I'wt

wy are [ID N(0, 1)
e measurements: noisy measurements of distance to 9 points p; € R?

(yt)i = ||lpt — pil| + (ve)s, i=1,...,9,

(v¢); are 1ID N(0,0.3%)
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EKF results

e EKF initialized with £o|_; = 0, (0| — 1) = I, where x = (p, u)

e p; shown as stars; p; as dotted curve; p;; as solid curve

P2

P1
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Current position estimation error

||13t|t — ptH versus ¢

4.5

4t

3.5hH

3H

2.5H

2

15

1+

0.5F

| | | | | | | | |
0 20 40 60 80 100 120 140 160 180 200

Approximate nonlinear filtering



Current position estimation predicted error

(S(¢|t)11 + Z(t[t)22)*? versus t
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Monte Carlo based methods

e instead of linearizing f, g via derivatives, use Monte Carlo methods

e requires ability to generate samples of wy, v,

e we'll assume that error covariances are normal (which is generally not
the case):

§7t|t—1 — Lt ™ N(07 Et|t—1)7 £t|t — Lt ™ N(Oa Zt|t)
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Monte Carlo time update

e generate samples of xik), k=1,...,K, from N (244, X¢)r)

e generate samples wgk), k=1,..., K, of w

e these give samples x,gl_?l = f(xgk), wgk)) of w14

| - LA 1 K (k)
e use sample mean as &y 0 Tet1)r = 77 D g Tign

e use sample covariance as X, |

1 K

k . k .
iyl = I E :(9U§+)1 - a:t+1|t)(x§+)1 - -Tt+1|t)T
k=1
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Monte Carlo measurement update

e generate samples of x,gk), k=1,..., K, from N(:%t|t_1, Yitt—1)
e generate samples v§k>, k=1,..., K, of vy
e these give samples y§k> = g(xgk), v§k>) of y;

e use sample mean as estimate of Ey;: y; = % 2521 y,gk)

e use sample mean to estimate covariances

(k) —\T

k .
Dy = (a:,g - $t|t—1)(yt

= | =
ik
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e do measurement update using these approximations:

Tyjg = Type—1+ Emyz];l(yt — Ut)
2l = -1 — Eacyzy_lzgy
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