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Setup

consider system
z=Az+ Bu, y=Cz+ Du

(or z(t + 1) = Az(t) + Bu(t), y(t) = Cz(t) + Du(t))
withz € R™", u € R™, y € R?

recall:
» controllable subspace: R = range(C), C = [B AB --- A"_IB]
C
CA
» unobservable subspace: N' = null(O), O =
CAn—l

question: what can we say about states that are controllable but not observable, or vice versa?



Recall: invariance and decomposition

from the invariant subspaces lecture:

» R and N are both A-invariant

» if V is an A-invariant subspace of dimension k, choosing a basis T' = [Tl Tz] with columns of T
spanning V gives

A — |:A11 A12:|

0 Asa

» this was used to reveal the controllable and unobservable subspaces separately

now: decompose the state space using both R and N simultaneously



Lattice of invariant subspaces



The lattice of invariant subspaces

both R and N are A-invariant

intersections and sums of A-invariant subspaces are A-invariant, so the following are all A-invariant

RANCN CRA+N



Choosing a basis adapted to the lattice

to construct the Kalman decomposition, choose a basis adapted to the chain of subspaces

» step 1: choose a basis T; for RN N

» step 2: create T, to extend T.; to a basis for R
» we can do this, since RNN C R

» step 3: create T%; to extend T.5 to a basis for N/

» we can do this, since RNN C N

p there is no ‘duplication’ between Tz and T¢o, because the columns of Tz5 are not in range [TC,;-,
if they were, then they would be in RN N

» step 4: create Tz to extend [Tca Teo TEE] to a basis for R™

Teo |



Subspaces

» range(Tes) = RNN
» range [ch—, Teo ] =R
» range [Ta—, T:s ] =N

»range [Te; Teo Tes | =R+ N

set T = [ch—, Teo Tz Ts ]



Kalman decomposition



Kalman decomposition: controllability

» set T = [Tca Teo Tes TEa]
» the transformed system has the structure

A A Az A
Az1 Azz Asz Ana
0 0 Ass Az
0 0 Agz Ay

T AT =

CT=[Ci C: Cs Ci

» the zero pattern arises because range [Ta—, Teo ] = R is invariant



Kalman decomposition: observability

» now let's swap columns 2 and 3. Let P =

O O O~
O ~ O O

» TP=[Tes T Teo Tho|
» range [ch—, TE—] = N is invariant

» then we can see that more elements must be zero

All A13 A12

—1m—1 _ 0 A33 0
P T "ATP = 0 0 Am
0 0

CTP=[0 0 C» Ci]

O O~ O

~N O O O
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Kalman decomposition: full

» now we know which elements of A, B,C are zero in T coordinates
» the transformed system has the structure

Ann Az A1z A
0 Aazs 0 Aos
0 0 Aszs Az

0 0 Asg

T—YAT =

CT=[0 C: 0 C4]

» called the Kalman decomposition or Kalman canonical form
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Kalman decomposition: subsystems

» in T coordinates we have

z1 = An1z1 + A12T2 + A12x3 + A1az4 + Bru
Zo = Asazo + Azazs + Bou
z3 = A3z3z3 + AzaTs
Tq = Aqazy
y = Chzy + Cyzy
p» states £; and z, are controllable
» states z; and z3 are unobservable

» the only states which affect the transfer function are z» !

G(s) = Ca(sI — Ass) 'Ba+ D
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Transfer function
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Transfer function

the transfer function is
G(s)=C(sI—A)'B+D

this is invariant under change of coordinates:

C(sI1—A)*B+D=CT (sI-T*AT) 'T'B+D
=CT (T'(sI- A)T) 'T'B+D
=CTT *(sI — A 'TT'B+D
=C(sI-—A)'B+D

hence transfer function is the same in Kalman coordinates
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Implications

» the transfer function G(s) depends only on the controllable and observable subsystem (Azz, B2, Ca, D)
» the state dimension is dimrange(T.) = dim(R) — dim(R N N)
» eigenvalues of As; are the poles of G(s); remaining eigenvalues of A are hidden modes

» if (4, B) is controllable and (4, C) is observable, then Ass = A and G(s) = C(sI — A)"'B+D hasn
poles

» a controllable and observable realization is called minimal
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Hidden modes and minimal realization
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Hidden modes

example: A = {(1] g],B: [1],02[1 0],D:0

transfer function:

G(s)=C(sI—-A) 'B=[1 o][sll ?Hl}:l

controllability matrix: C = [ i ; ] , rank(C) = 2 (controllable)

1o ] , rank(O) = 1 (not observable)

observability matrix: O = {1 0

unobservable subspace is N' = span { [ (; } }

eigenvalue s = 2 is a hidden mode: does not appear in G(s)

17



Hidden modes ctd

! 0] (already diagonal):

in Kalman coordinates with T' = [0 1

Z.o = 1 (controllable and observable), Z.s = z2 (controllable, unobservable)

T =zT1+u
To =29+ u

y=o1

1
s—1

transfer function: G(s) =

the mode at s = 2 is excited by u but is invisible in y
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Minimal realization

a state-space model (4, B,C, D) is called a minimal realization of G(s) if no lower-dimensional state-space
model gives the same G(s)

fact: (A, B,C, D) is a minimal realization of G(s) if and only if (A, B) is controllable and (A, C) is observable

proof (=): if (4, B) is not controllable or (4, C) is not observable, then G(s) = Ca(sI — Az2) "' Bs + D with
dim(Azg) <n

hence realization is not minimal
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Proof of the converse

Suppose A, C is observable and A, B is controllable, and (A1, B1,C1, D1) is equivalent to (4, B, C, D)

We show the dimension of A; is no smaller than that of A.

We know
CA*B =C1A*B, fork>0.
and so
C Ci
CA C1A;
[B AB ... A™'B]|= _ [Bi AiBi - AT7'Bi] .
CA™? CLAT?

both matrices on the LHS have rank of n, so the product has rank n (because rank(P) + rank(Q) — n <

rank(PQ) where P has n cols)

so the RHS has rank n, and so A; must be at least n x n
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Summary

» Kalman decomposition separates state space into four parts: controllable—observable, controllable—
unobservable, uncontrollable—observable, uncontrollable—unobservable

» relies on A-invariance of the lattice RNN C RN CR+ N
» the zero pattern in these coordinates of A, B, C comes entirely from the invariant subspaces
» transfer function determined solely by controllable and observable subsystem

» minimal realization < controllable and observable

21



