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Setup

consider system
_x = Ax+Bu; y = Cx+Du

(or x(t+ 1) = Ax(t) +Bu(t), y(t) = Cx(t) +Du(t))

with x 2 Rn, u 2 Rm, y 2 Rp

recall:

I controllable subspace: R = range(C), C =
�
B AB � � � An�1B

�

I unobservable subspace: N = null(O), O =

2
664

C

CA

...
CAn�1

3
775

question: what can we say about states that are controllable but not observable, or vice versa?
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Recall: invariance and decomposition

from the invariant subspaces lecture:

I R and N are both A-invariant

I if V is an A-invariant subspace of dimension k, choosing a basis T =
�
T1 T2

�
with columns of T1

spanning V gives

T
�1
AT =

�
A11 A12

0 A22

�

I this was used to reveal the controllable and unobservable subspaces separately

now: decompose the state space using both R and N simultaneously
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Lattice of invariant subspaces
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The lattice of invariant subspaces

both R and N are A-invariant

intersections and sums of A-invariant subspaces are A-invariant, so the following are all A-invariant

R\N � N � R+N
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Choosing a basis adapted to the lattice

to construct the Kalman decomposition, choose a basis adapted to the chain of subspaces

I step 1: choose a basis Tc�o for R\N

I step 2: create Tco to extend Tc�o to a basis for R

I we can do this, since R\N � R

I step 3: create T�c�o to extend Tc�o to a basis for N

I we can do this, since R\N � N

I there is no ‘duplication’ between T�c�o and Tco, because the columns of T�c�o are not in range
�
Tc�o Tco

�
if they were, then they would be in R\N

I step 4: create T�co to extend
�
Tc�o Tco T�c�o

�
to a basis for Rn
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Subspaces

I range(Tc�o) = R\N

I range
�
Tc�o Tco

�
= R

I range
�
Tc�o T�c�o

�
= N

I range
�
Tc�o Tco T�c�o

�
= R+N

set T =
�
Tc�o Tco T�c�o T�co

�
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Kalman decomposition
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Kalman decomposition: controllability

I set T =
�
Tc�o Tco T�c�o T�co

�
I the transformed system has the structure

T
�1
AT =

2
64
A11 A12 A13 A14

A21 A22 A23 A24

0 0 A33 A34

0 0 A43 A44

3
75 T

�1
B =

2
64
B1

B2

0

0

3
75

CT =
�
C1 C2 C3 C4

�

I the zero pattern arises because range
�
Tc�o Tco

�
= R is invariant
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Kalman decomposition: observability

I now let’s swap columns 2 and 3. Let P =

2
64
I 0 0 0

0 0 I 0

0 I 0 0

0 0 0 I

3
75

I TP =
�
Tc�o T�c�o Tco T�co

�
I range

�
Tc�o T�c�o

�
= N is invariant

I then we can see that more elements must be zero

P
�1
T
�1
ATP =

2
64
A11 A13 A12 A14

0 A33 0 A24

0 0 A22 A24

0 0 0 A44

3
75 P

�1
T
�1
B =

2
64
B1

0

B2

0

3
75

CTP =
�
0 0 C2 C4

�
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Kalman decomposition: full

I now we know which elements of A;B;C are zero in T coordinates

I the transformed system has the structure

T
�1
AT =

2
64
A11 A12 A13 A14

0 A22 0 A24

0 0 A33 A34

0 0 0 A44

3
75 T

�1
B =

2
64
B1

B2

0

0

3
75

CT =
�
0 C2 0 C4

�

I called the Kalman decomposition or Kalman canonical form
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Kalman decomposition: subsystems

I in T coordinates we have

_x1 = A11x1 + A12x2 + A12x3 + A14x4 +B1u

_x2 = A22x2 + A24x4 +B2u

_x3 = A33x3 + A34x4

_x4 = A44x4

y = C2x2 + C4x4

I states x1 and x2 are controllable

I states x1 and x3 are unobservable

I the only states which affect the transfer function are x2 !

G(s) = C2(sI � A22)
�1
B2 +D
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Transfer function
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Transfer function

the transfer function is
G(s) = C(sI � A)�1B +D

this is invariant under change of coordinates:

�C(sI � �A)�1 �B +D = CT
�
sI � T

�1
AT

�
�1

T
�1
B +D

= CT
�
T
�1(sI � A)T

�
�1

T
�1
B +D

= CTT
�1(sI � A)�1TT�1B +D

= C(sI � A)�1B +D

hence transfer function is the same in Kalman coordinates
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Implications

I the transfer function G(s) depends only on the controllable and observable subsystem (A22; B2; C2; D)

I the state dimension is dim range(Tco) = dim(R)� dim(R\N )

I eigenvalues of A22 are the poles of G(s); remaining eigenvalues of A are hidden modes

I if (A;B) is controllable and (A;C) is observable, then A22 = A and G(s) = C(sI �A)�1B +D has n
poles

I a controllable and observable realization is called minimal
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Hidden modes and minimal realization
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Hidden modes

example: A =

�
1 0

0 2

�
, B =

�
1

1

�
, C =

�
1 0

�
, D = 0

transfer function:

G(s) = C(sI � A)�1B =
�
1 0

� � 1

s�1
0

0 1

s�2

��
1

1

�
=

1

s� 1

controllability matrix: C =

�
1 1

1 2

�
, rank(C) = 2 (controllable)

observability matrix: O =

�
1 0

1 0

�
, rank(O) = 1 (not observable)

unobservable subspace is N = span
��

0

1

��

eigenvalue s = 2 is a hidden mode: does not appear in G(s)
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Hidden modes ctd

in Kalman coordinates with T =

�
1 0

0 1

�
(already diagonal):

�xco = x1 (controllable and observable), �xc�o = x2 (controllable, unobservable)

_x1 = x1 + u

_x2 = 2x2 + u

y = x1

transfer function: G(s) = 1

s�1

the mode at s = 2 is excited by u but is invisible in y
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Minimal realization

a state-space model (A;B;C;D) is called a minimal realization of G(s) if no lower-dimensional state-space
model gives the same G(s)

fact: (A;B;C;D) is a minimal realization of G(s) if and only if (A;B) is controllable and (A;C) is observable

proof ()): if (A;B) is not controllable or (A;C) is not observable, then G(s) = C2(sI�A22)
�1B2+D with

dim(A22) < n

hence realization is not minimal
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Proof of the converse

Suppose A;C is observable and A;B is controllable, and (A1; B1; C1; D1) is equivalent to (A;B;C;D)

We show the dimension of A1 is no smaller than that of A.

We know
CA

k
B = C1A

k
1B1 for k � 0 :

and so 2
664

C

CA

...
CAn�1

3
775
�
B AB � � � An�1B

�
=

2
664

C1

C1A1

...
C1A

n�1
1

3
775
�
B1 A1B1 � � � A

n�1
1

B1

�
:

both matrices on the LHS have rank of n, so the product has rank n (because rank(P ) + rank(Q) � n �

rank(PQ) where P has n cols)

so the RHS has rank n, and so A1 must be at least n� n
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Summary

I Kalman decomposition separates state space into four parts: controllable–observable, controllable–
unobservable, uncontrollable–observable, uncontrollable–unobservable

I relies on A-invariance of the lattice R\N � R;N � R+N

I the zero pattern in these coordinates of A;B;C comes entirely from the invariant subspaces

I transfer function determined solely by controllable and observable subsystem

I minimal realization , controllable and observable
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